
Graphical  Solution  Linear
Programming

Graphical  Solution  Linear
Programming:  A  Visual
Approach to  Optimization
Linear programming (LP) is a powerful mathematical technique used
to achieve the best outcome (such as maximum profit or lowest cost)
in a mathematical model whose requirements are represented by
linear relationships. While sophisticated software can solve complex
LP  problems,  understanding  the  graphical  solution  linear
programming method provides crucial insights into the underlying
principles.  This visual approach is particularly useful  for problems
with only two decision variables, allowing us to understand the core
concepts of constraints, objective functions, and optimal solutions.
This  article  explores  the  graphical  method in  detail,  outlining  its
benefits, applications, and limitations.

Understanding  the  Basics  of  Graphical
Linear Programming
Before diving into the graphical solution, let's define some key terms.
A linear programming problem consists of an objective function
(what you want to maximize or minimize) and a set of constraints
(limitations  or  restrictions).  Both  the  objective  function  and
constraints  are  expressed as  linear  equations  or  inequalities.  For
example,  a  company  might  want  to  maximize  its  profit  (objective
function) subject to constraints on the availability of raw materials,
labor hours, and production capacity.

The  feasible  region  in  a  graphical  solution  linear  programming
represents  the  area  on  a  graph  where  all  constraints  are  satisfied
simultaneously.  This  region  is  defined  by  the  intersection  of  the
constraint lines or half-planes. The optimal solution lies within or on
the boundary of this feasible region. Identifying this optimal point is
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the core goal of the graphical method. Understanding the feasible
region and its boundaries is crucial for solving linear programming
problems graphically.

Finally, corner points are the intersections of the constraint lines
defining  the  feasible  region.  A  fundamental  theorem  of  linear
programming states that the optimal solution (maximum or minimum
value of the objective function) will  always occur at one of these
corner points. This significantly simplifies the solution process, as we
only need to evaluate the objective function at these points.

Benefits of Using the Graphical Method
The  graphical  solution  linear  programming  method  offers  several
advantages, particularly for educational purposes and problems with
a small number of variables:

Intuitive  Visualization:  The  graphical  method  provides  a
visual  representation  of  the  problem,  making  it  easier  to
understand the relationships between the objective function
and constraints. This visual clarity is invaluable for beginners
learning linear programming concepts.
Simple  Implementation:  For  two-variable  problems,  the
graphical  method is  relatively straightforward to implement,
requiring only basic graphing skills. This simplicity makes it an
accessible  entry  point  into  the  world  of  optimization
techniques.
Enhanced  Understanding  of  Concepts:  By  visually
observing the feasible region, corner points, and the movement
of  the  objective  function  line,  students  gain  a  deeper
understanding of core linear programming concepts like slack
variables, surplus variables and shadow prices, making it an
excellent pedagogical tool.
Quick  Solution  for  Small  Problems:  For  small-scale
problems, the graphical method can provide a quick solution
without needing specialized software.

Steps in Solving a Linear Programming
Problem Graphically
Let's outline the steps involved in applying a graphical solution to a
linear programming problem. Consider a simple example:
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Problem: A furniture manufacturer produces chairs and tables. Each
chair requires 2 hours of labor and 1 unit of wood, while each table
requires 4 hours of labor and 3 units of wood. The manufacturer has
24 hours of labor and 12 units of wood available. The profit from each
chair is $30 and from each table is $60. How many chairs and tables
should the manufacturer produce to maximize profit?

Steps:

1.  Define  Variables:  Let  x  represent  the  number  of  chairs  and  y
represent  the  number  of  tables.

2.  Formulate  the  Objective  Function:  The  objective  is  to
maximize profit (Z): Z = 30x + 60y

3. Formulate the Constraints: The constraints are based on the
available labor and wood:

Labor constraint: 2x + 4y ≤ 24
Wood constraint: x + 3y ≤ 12
Non-negativity constraints: x ≥ 0, y ≥ 0

4. Graph the Constraints:  Plot each constraint on a graph. For
example, for 2x + 4y ≤ 24, first plot the line 2x + 4y = 24 (find the x
and y intercepts). Then, shade the region satisfying the inequality.
Repeat for all constraints.

5. Identify the Feasible Region: The feasible region is the area
where all shaded regions overlap.

6. Find the Corner Points: Determine the coordinates of the corner
points of the feasible region. These are the intersection points of the
constraint lines.

7. Evaluate the Objective Function: Substitute the coordinates of
each corner point into the objective function (Z = 30x + 60y) to find
the profit at each point.

8. Determine the Optimal Solution: The corner point that yields
the maximum value of the objective function represents the optimal
solution.

In our example, after graphing and calculating, we'll find the optimal
solution  maximizing  profit.  This  usually  involves  identifying  the
corner point of the feasible region furthest from the origin in the
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direction of the slope of the objective function.

Limitations of the Graphical Method
While the graphical solution linear programming method is invaluable
for understanding the underlying principles, it does have limitations:

Limited to Two Variables:  The  graphical  method  is  only
practical  for  problems  with  two  decision  variables.  For
problems  with  three  or  more  variables,  the  visualization
becomes  impossible,  necessitating  the  use  of  the  simplex
method or other algebraic techniques.
Inaccuracy  in  Graphical  Representation:  The  graphical
solution is subject to inaccuracies resulting from the limitations
of  manual  plotting  and  reading  values  from  a  graph.  For
precise solutions, algebraic methods are preferred.

Conclusion
The  graphical  solution  linear  programming  method  provides  a
powerful  visual  tool  for  understanding  and  solving  optimization
problems.  Its  simplicity  and intuitive nature make it  an excellent
educational  tool  and a practical  solution for  small-scale problems
with two variables. While it has limitations regarding the number of
variables  and  the  precision  of  solutions,  its  ability  to  clearly
demonstrate the core concepts of linear programming makes it an
invaluable  asset  in  the  study  of  optimization  techniques.
Understanding this method forms a strong foundation for tackling
more  complex  linear  programming  challenges  using  algebraic  or
software-based approaches.

FAQ
Q1:  Can  the  graphical  method  be  used  for  minimization
problems?

A1: Yes, the graphical method applies equally well to minimization
problems. The only difference is that you'll be looking for the corner
point of the feasible region that yields the minimum value of the
objective function.

Q2: What happens if the feasible region is unbounded?

A2: In an unbounded feasible region, the objective function may not
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have  a  finite  optimum.  If  the  objective  function  increases  (or
decreases) indefinitely in the feasible region, then there is no optimal
solution.

Q3: How do I handle inequalities with greater than or equal
to signs?

A3: Inequalities of the form ≥ are graphed similarly to ≤ inequalities.
However,  you will  shade the region *above* the line rather than
below.

Q4: What if the constraint lines are parallel?

A4: If the constraint lines are parallel and define a bounded feasible
region,  the  optimal  solution  may  occur  along  a  line  segment
connecting  two  corner  points  of  the  feasible  region,  indicating
multiple optimal solutions.

Q5:  What  software  can  assist  with  graphical  linear
programming?

A5: Several software packages, including Excel Solver, MATLAB, and
specialized operations research software, can assist in visualizing and
solving linear programming problems, often extending beyond the
limitations of the purely graphical approach.

Q6: How do I deal with non-linear constraints or objective
functions?

A6:  The  graphical  method,  as  described,  only  works  for  linear
problems. For non-linear problems, more advanced techniques, often
involving calculus or numerical optimization methods, are required.

Q7: What are some real-world applications of graphical linear
programming?

A7:  While  limited by the two-variable  constraint,  simplified versions
of  real-world  problems  like  production  planning  (limited  to  two
products),  resource  allocation  (limited  resources),  and  portfolio
optimization (limited investment options) can be effectively analyzed
using this method, providing a foundational understanding.

Q8:  Can  I  use  the  graphical  method  for  integer  linear
programming problems?
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A8:  While  the  graphical  method  can  help  visualize  the  feasible
region,  it  doesn't  directly  solve  for  integer  solutions.  If  integer
solutions are required, you would need to use specialized integer
programming  techniques  after  identifying  the  continuous  optimal
solution graphically.

Unlocking Optimization: A Deep Dive into
Graphical  Solut ions  for  L inear
Programming
Linear  programming (LP),  a  cornerstone  of  operations  research  ,
deals with the challenge of  optimizing a direct  objective function
subject  to  a  set  of  straight-line  constraints.  While  advanced
algorithms like the simplex method exist for solving large-scale LP
problems, the graphical method provides a powerful  and intuitive
approach  for  visualizing  and  solving  smaller  problems,  usually
involving only two unknowns . This method offers a persuasive visual
representation of the solution space , making it an invaluable tool for
comprehending the fundamental concepts of linear programming.

The essence of the graphical solution lies in its ability to represent
the  constraints  and  objective  function  on  a  two-dimensional
coordinate system . Each constraint is depicted as a line , dividing
the  plane  into  two areas  :  one  that  satisfies  the  constraint  and  one
that does not it. The feasible region, or solution space, is the area
where  all  constraints  are  simultaneously  satisfied .  It's  the  common
ground of all the constraint areas .

Consider a simple example: a furniture manufacturer produces chairs
and tables. Each chair requires 2 hours of carpentry and 1 hour of
painting, while each table requires 1 hour of carpentry and 3 hours of
painting. The maker has a maximum of 10 hours of carpentry time
and  12  hours  of  painting  time  available  daily.  The  profit  from  each
chair  is  $30,  and  the  profit  from  each  table  is  $40.  The  aim  is  to
determine  the  number  of  chairs  and  tables  to  produce  daily  to
maximize profit.

This problem can be formulated as follows:

Objective Function: Maximize Z = 30x + 40y (where x is the
number of chairs and y is the number of tables)
Constraints:
2x + y ≤ 10 (carpentry constraint)



Graphical Solution Linear Programming

Graphical Solution Linear Programming

7

x + 3y ≤ 12 (painting constraint)
x ≥ 0, y ≥ 0 (non-negativity constraints)

To solve this graphically, we first plot each constraint as a line on a
graph with x and y as the axes. The inequality signs determine which
side of the line belongs to the feasible region. For example, 2x + y ≤
10 is plotted as 2x + y = 10, and the feasible region lies under the
line. We repeat this process for all constraints. The feasible region is
the space formed by the intersection of all these spaces.

Once  the  feasible  region  is  identified,  we  find  the  best  solution  by
evaluating the objective function at each of its corners . The corner
point  that  yields  the  highest  value  for  the  objective  function
represents the ideal production plan. In our example, by testing the
corner points of the feasible region, we can determine the number of
chairs and tables that maximizes profit.

The  graphical  method,  though  limited  to  two  unknowns  ,  offers
several perks. Its visual nature enhances a deep comprehension of
the problem's structure and the relationship between the objective
function  and  the  constraints.  It's  a  helpful  teaching  tool  for
introducing linear programming ideas and provides intuitive insights
into the problem's solution .

However,  the  graphical  method's  applicability  is  restricted  by  its
dimensionality. For problems with three or more factors, a graphical
solution is impossible. In such cases, more advanced techniques such
as the simplex method or interior-point methods are necessary.

Despite this limitation, the graphical method remains an essential
tool  in  the  LP  arsenal,  providing  a  powerful  visual  aid  for
comprehending the fundamental ideas of linear programming and
solving  small-scale  optimization  problems.  Its  ability  to  convert
abstract  mathematical  models  into  concrete  geometric
representations  makes  it  a  useful  asset  for  both  students  and
practitioners alike. Its straightforwardness also makes it accessible to
individuals with limited numerical background.

Frequently Asked Questions (FAQs):

1.  Q:  Can  the  graphical  method  handle  problems  with
inequalities  other  than  "less  than  or  equal  to"?  A:  Yes,
inequalities  such  as  "greater  than  or  equal  to"  can  be  handled
similarly. The feasible region simply lies on the other side of the line.
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2. Q: What happens if the feasible region is unbounded? A: If
the feasible region is unbounded, the objective function might not
have a maximum (or minimum) value. This indicates the problem
may be poorly formulated .

3.  Q: What if the objective function lines are parallel to a
constraint line? A: In this case, there are multiple optimal solutions.
The optimal value of the objective function is the same along the
entire segment where the objective function line is parallel to the
constraint line.

4.  Q:  Are  there  any  software  tools  that  can  help  with
graphical  linear  programming?  A:  Yes,  numerous  software
packages and online calculators can assist in plotting constraints and
finding  the  optimal  solution  graphically,  simplifying  the  process
significantly.
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